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ÍÀ ÎÑÍÎÂÅ ×ÈÑËÅÍÍÎÃÎ ÎÁÐÀÙÅÍÈß ÈÇÅÃÅÐÀ
ANALYSIS OF TEMPERATURE FIELDS IN THE WELL 
ON THE BASIS OF THE NUMERICAL ISEGER'S INVERSION
Ïðîâåäåí àíàëèç òåìïåðàòóðíîãî ïîëÿ â âåðòèêàëüíîé ñêâàæèíå â ñëó÷àå 
îòáîðà æèäêîñòè èç íåôòåíàñûùåííîãî ïëàñòà. Çàäà÷à ïåðåíîñà òåïëà ïîòî-
êîì æèäêîñòè â ñòâîëå ñêâàæèíû è îêðóæàþùèõ ïîðîäàõ ïðè îòáîðå ðåøåíà 
ðàçðàáîòàííûì àâòîðàìè ìåòîäîì ôîðìàëüíîãî àñèìïòîòè÷åñêîãî ïàðàìåòðà. 
Êðèâûå ïîñòðîåíû íà îñíîâå ðåøåíèÿ çàäà÷è ñîïðÿæåíèÿ, ïîëó÷åííîãî â ïðî-
ñòðàíñòâå èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ëàïëàñà — Êàðñîíà. Îáðàòíûé ïåðå-
õîä îñóùåñòâëåí íà îñíîâå ÷èñëåííîãî îáðàùåíèÿ (àëãîðèòì äåí Èçåãåðà), äëÿ 
àñèìïòîòèêè ìàëûõ âðåìåí ïîëó÷åíû òî÷íûå àíàëèòè÷åñêèå ôîðìóëû. Ïðîèç-
âåäåíî ñîïîñòàâëåíèå ÷èñëåííîé èíâåðñèè ïðåîáðàçîâàíèÿ Ëàïëàñà — Êàðñîíà 
ñ àíàëèòè÷åñêèìè êðèâûìè àñèìïòîòèêè ìàëûõ âðåìåí. Ïîêàçàíî, ÷òî êðèâûå, 
ïîëó÷åííûå íà îñíîâå àñèìïòîòè÷åñêèõ âûðàæåíèé, õîðîøî ñîãëàñóþòñÿ ðå-
çóëüòàòàìè ÷èñëåííîé èíâåðñèè. Ñîãëàñèå ðåçóëüòàòîâ ðàñ÷åòîâ ÿâëÿåòñÿ, ñ 
îäíîé ñòîðîíû, îïîðíûì ôàêòîì, îïðåäåëÿþùèì äîñòîâåðíîñòü è ïðèìåíèìîñòü 
àëãîðèòìà äåí Èçåãåðà, à ñ äðóãîé — ïîçâîëÿåò íàéòè ãðàíèöû ïðèìåíèìîñòè 
ïðèáëèæåííûõ ôîðìóë.
The temperature field in a vertical well in case of fluid withdrawal from the oil-
saturated reservoir is analyzed. The problem of fluid flow heat transfer in the wellbore 
and surrounding rocks is solved using the method of asymptotic formal parameter 
developed by the authors. The curves are built because of the problem solution of con-
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jugation obtained in space. The reverse transfer is completed on the basis of numerical 
inversion (the Den Iseger algorithm); accurate analytical formulas are received for small 
time asymptotics. Numerical inversion of Laplace — Carson transform is compared to 
analytical curves of small time asymptotics. It is shown that the curves obtained on 
the basis of asymptotic expressions are in good agreement with the results of numerical 
inversion. The agreement of the calculation results, on the one side, is the strong fact 
determining the validity and applicability of the Den Iseger algorithm, and, on the other 
side, makes it possible to find the limits of applicability of approximation. 
ÊËÞ×ÅÂÛÅ ÑËÎÂÀ. Òåìïåðàòóðíîå ïîëå, ñêâàæèíà, ïðåîáðàçîâàíèå Ëàïëà-
ñà — Êàðñîíà, ÷èñëåííàÿ èíâåðñèÿ, àëãîðèòì äåí Èçåãåðà.
KEY WORDS. Temperature field, well, Laplace — Carson transform, numerical 
inversion, Den Iseger algorithm.
Òåîðåòè÷åñêîå è ýêñïåðèìåíòàëüíîå èññëåäîâàíèå òåìïåðàòóðíûõ ïîëåé ïðè 
íåôòåäîáû÷å àêòóàëüíî è àêòèâíî ðàñøèðÿåòñÿ [1, 2]. Ðàíåå â ðàáîòå [3] óñòà-
íîâëåíî, ÷òî àëãîðèòì äåí Èçåãåðà [8] ìîæåò èíâåðòèðîâàòü ïðåîáðàçîâàíèÿ 
Ëàïëàñà ôóíêöèé ñ íåîäíîðîäíîñòÿìè è îñîáåííîñòÿìè, è ðåçóëüòàòû ÷èñëåí-
íîé èíâåðñèè èìåþò áîëåå âûñîêóþ òî÷íîñòü, ÷åì â ñëó÷àå äðóãèõ ìåòîäîâ 
îáðàùåíèÿ. Ïðèìåíåíèå ìåòîäà ÷èñëåííîãî îáðàùåíèÿ ê çàäà÷å î òåìïåðàòóð-
íîì ïîëå â ñêâàæèíå [4] èìååò îñîáóþ çíà÷èìîñòü êàê â ñèëó åå ïðàêòè÷åñêîé 
âàæíîñòè, òàê è ïî ïðè÷èíå íàëè÷èÿ áîëüøîãî êîëè÷åñòâà ðåøåíèé â ïðîñòðàí-
ñòâå èçîáðàæåíèé, íå èìåþùèõ îðèãèíàëîâ. 
Â äàííîé ðàáîòå îñóùåñòâëåíî ïðèìåíåíèå îáðàòíîãî ÷èñëåííîãî ïðåîá-
ðàçîâàíèÿ ñ èñïîëüçîâàíèåì ãàóññîâñêèõ êâàäðàòóð (ìåòîä äåí Èçåãåðà) ê çà-
äà÷å î òåìïåðàòóðíîì ïîëå æèäêîñòè, òåêóùåé â âåðòèêàëüíîé ñêâàæèíå ðà-
äèóñà r0, â ñëó÷àå ïîñòîÿííûõ âåðòèêàëüíûõ ãðàäèåíòîâ òåìïåðàòóð. Ïîñòàíîâ-
êà è ðåøåíèå äàííîé çàäà÷è ïðèâåäåíû â ðàáîòå [5], ãäå óäàëîñü ïîñòðîèòü 
ðåøåíèå çàäà÷è î òåìïåðàòóðíîì ïîëå â ñêâàæèíå â ïðîñòðàíñòâå èçîáðàæåíèÿ 
Ëàïëàñà — Êàðñîíà. Â ðàáîòàõ [5, 6, 7] îðèãèíàë ïîñòðîåí òîëüêî äëÿ àñèì-
ïòîòèêè ìàëûõ âðåìåí.
Íèæå äàí àíàëèç ñðåäíåãî ïî ñå÷åíèþ òðóáû òåìïåðàòóðíîãî ïîëÿ â ñêâà-
æèíå íà îñíîâå àíàëèòè÷åñêèõ âûðàæåíèé, ïîëó÷åííûõ â ðàáîòå [6], è ÷èñëåí-
íîé èíâåðñèè, îïèñàííîé â [8].
Çàäà÷à ïåðåíîñà òåïëà ïîòîêîì æèäêîñòè â ñòâîëå ñêâàæèíû è îêðóæàþùèõ 

















































θ=θ =rr , d010 zΓ−=θ=θ =τ=τ , (3)
 
d1 d zz Γ−→θ ∞→ , d1 d zr Γ−→θ ∞→ , (4)
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( )100d τθ=θ =z . (5)
Ïîñëå ââåäåíèÿ áåçðàçìåðíûõ ïåðåìåííûõ 0d rrr = , Dzz d= , 201Fo ra r W , 
Dr0 Q  ,   001 TTT jjT , rar 100vPe  , DΓ=θ0 , ρρ=χ cc 11 , çàäà÷à 
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ãäå Pe — àíàëîã ïàðàìåòðà Ïåêëå, Fo — àíàëîã ÷èñëà Ôóðüå, T0(Fo) — òåì-
ïåðàòóðíûé ñèãíàë ïëàñòà.
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 zT r




u  fo1 ,   pTT uzu 00   . (20)
Ðåøåíèå óðàâíåíèÿ (18) âûðàæàåòñÿ ÷åðåç ôóíêöèè Áåññåëÿ íóëåâîãî ïî-
ðÿäêà ìíèìîãî àðãóìåíòà:
    prKCprICzT u 02011   . (21)
Èç óñëîâèÿ (20) ñëåäóåò, ÷òî ïîñòîÿííûé êîýôôèöèåíò C1 ðàâåí íóëþ, 
ïîýòîìó ïîëó÷èì:
   zprKCT u  021 . (22)
Äëÿ îïðåäåëåíèÿ Ñ2 âîñïîëüçóåìñÿ óñëîâèåì (19). Ïîäñòàâèâ ïîëó÷åííîå 
âûðàæåíèå â (22), ïðåäñòàâèì ðåøåíèå è åãî ïðîèçâîäíóþ äëÿ îêðóæàþùåãî 
ìàññèâà (r > 1) â âèäå:
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(25)
Ðåøåíèå óðàâíåíèÿ (17) ñ ó÷åòîì óñëîâèÿ (19) ïðåäñòàâèòñÿ â âèäå:




0 ee ,  1r ,  0!z , (26)
ãäå   QF D Pe2 pkp . 
Ïîäñòàâèâ (26) â (23), ïîëó÷èì ðåøåíèå äëÿ âíåøíåé îáëàñòè:
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1 ee ,  1!r ,  0!z .
 
(27)
Âûðàæåíèÿ (26) è (27) ïðåäñòàâëÿþò òî÷íîå ðåøåíèå çàäà÷è â íóëåâîì 
ïðèáëèæåíèè â ïðîñòðàíñòâå èçîáðàæåíèé. Ðåøåíèå ñ òî÷íîñòüþ äî êîýôôè-
öèåíòîâ ñîâïàäàåò ñ ïîëó÷åííûì ðàíåå ðåøåíèåì çàäà÷è â [6].
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Ïîëó÷åííûå âûøå çàâèñèìîñòè ñîñòàâëÿþò îñíîâó äëÿ íàó÷íûõ èññëåäîâà-
íèé è ïðàêòè÷åñêèõ ðàñ÷åòîâ òåìïåðàòóðû â ñêâàæèíàõ è òðóáîïðîâîäàõ äëÿ 
ðàçëè÷íûõ ñëó÷àåâ îòáîðà æèäêîñòè. Ðàíåå óäàëîñü èññëåäîâàòü òåìïåðàòóðíûå 
ïîëÿ â ñêâàæèíå â ñëó÷àå àñèìïòîòèêè ìàëûõ âðåìåí [5, 6, 7]. Ðàññìîòðèì 
ñëó÷àè îòáîðà èç ïëàñòà íåôòè χ = 1.7 è âîäû χ = 0.67, à òàêæå âîäîíåôòÿíîé 
ñìåñè χ = 0.5.
Íà ðèñóíêå 1 (à, á) ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòîâ óñòàíîâëåíèÿ òåìïåðà-
òóðû T* = (T(z, Fo) — T(0, 0))/(T(D, 0) — T(0, 0)) â ñòâîëå ñêâàæèíû ïîñëå 
íà÷àëà îòáîðà (Peν = 0.1 (à) è Peν = 1 (á)). Ïàðàìåòðû ñêâàæèíû è îêðóæàþùèõ 
ãîðíûõ ïîðîä ïðåäïîëàãàþòñÿ íåèçìåííûìè ñ ãëóáèíîé îò âåðõíåé òî÷êè ðàñ-
ñìàòðèâàåìîãî èíòåðâàëà z = zd / D = 0 äî ìåñòà ïîãëîùåíèÿ z = zd / D = 0. 
Äåéñòâèòåëüíî, ïðè Fo < 1 íà ðàñ÷åòíûõ êðèâûõ íàáëþäàþòñÿ ó÷àñòêè ñ ïîñòî-
ÿííûì ãðàäèåíòîì, ðàâíûì ôîíîâîìó, íàáëþäàþùåìóñÿ íà êðèâîé 1 (Fo = 0). 
Ðèñ. 1. Ðàñïðåäåëåíèå òåìïåðàòóðû ïðè îòáîðå: 
à — Pe ν = 0.1, χ = 0.5, 1 – Fo = 0, 2 – 1, 3 – 2, 4 – 5; 
á — Pe ν = 1, χ = 1.7, 1 – Fo = 0, 2 – 0.5, 3 – 2, 4 – 5
Ïðè áîëüøèõ âðåìåíàõ Fo → ∞ ðàñïðåäåëåíèå òåìïåðàòóðû ïðèáëèæàåòñÿ 
ê âåðòèêàëüíîé ëèíèè T* = 0, ò. å. òåìïåðàòóðà âäîëü ñòâîëà ñêâàæèíû ñòàíî-
âèòñÿ ðàâíîé òåìïåðàòóðå çàêà÷èâàåìîé æèäêîñòè, à ãðàäèåíò òåìïåðàòóðû 
ïðèáëèæàåòñÿ ê íóëþ.
Îòìåòèì, ÷òî â óñëîâèÿõ êîìïðåññîðíîãî âîçáóæäåíèÿ ïðèòîêà òàêèå óñëî-
âèÿ êàê Fo > 1 ïðàêòè÷åñêè íå ðåàëèçóþòñÿ. Áîëåå ïðèåìëåìûìè ÿâëÿþòñÿ 
ðàñ÷åòû ïðè Fo < 1. Â ýòîì ñëó÷àå òåìïåðàòóðíîå ïîëå îïðåäåëÿåòñÿ ñäâèãîì 
ôîíîâîãî ðàñïðåäåëåíèÿ çà èñêëþ÷åíèåì èíòåðâàëà ãëóáèí â íåïîñðåäñòâåííîé 
áëèçîñòè ê óñòüþ ñêâàæèíû.
Íàëè÷èå äðóãèõ ïîãëîùàþùèõ èíòåðâàëîâ, èçìåíåíèå äèàìåòðà ñòâîëà 
ñêâàæèíû è òåïëîôèçè÷åñêèõ õàðàêòåðèñòèê îêðóæàþùèõ ñêâàæèíó ïîðîä 
ïðèâîäèò ê èçìåíåíèþ ðàñïðåäåëåíèÿ òåìïåðàòóðû âäîëü ñòâîëà ñêâàæèíû.
Èç ðèñóíêà òàêæå âèäíî, ÷òî ïðè ìàëûõ äåáèòàõ èç ïëàñòà Peν = 1 íàáëþ-
äàåòñÿ çîíà â óäàëåííûõ îò êðîâëè îòäàþùåãî ïëàñòà èíòåðâàëàõ z > 0.3, ãäå 
ðàñïðåäåëåíèå òåìïåðàòóðû ïî÷òè ëèíåéíîå, ñ íàêëîíîì, ðàâíûì ñðåäíåìó 
ãåîòåðìè÷åñêîìó ãðàäèåíòó. Âáëèçè êðîâëè îòäàþùåãî èíòåðâàëà ãðàäèåíò 
òåìïåðàòóðû óìåíüøàåòñÿ. Îäíàêî ýòî ñïðàâåäëèâî òîëüêî ïðè îòñóòñòâèè 
àíîìàëèé áàðîòåðìè÷åñêîãî ýôôåêòà â ïëàñòå.
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Ðèñóíîê 2 (à, á) èëëþñòðèðóåò ðàñ÷åòíûå çàâèñèìîñòè îòíîñèòåëüíîé òåì-
ïåðàòóðû T* îò áåçðàçìåðíîé âåðòèêàëüíîé êîîðäèíàòû z = zd/D, ãäå zd îò-
ñ÷èòûâàåòñÿ îò óñòüÿ ñêâàæèíû, à òî÷êà zd = D — ñîîòâåòñòâóåò çàáîþ. Èç 
ñîïîñòàâëåíèÿ êðèâûõ íà ðèñóíêàõ 2 à è 2 á ñëåäóåò, ÷òî îòêëîíåíèå òåìïåðà-
òóðû îò ãåîòåðìè÷åñêîé ñóùåñòâåííî óâåëè÷èâàåòñÿ ñ ðîñòîì ïàðàìåòðà Pe ν 
èëè äåáèòà ñêâàæèíû.
 
Ðèñ. 2. Ðàñïðåäåëåíèå òåìïåðàòóðû ïðè îòáîðå: 
à — Pe ν = 0.5, χ = 0.67, 1 – Fo = 0.01, 2 – 0.5, 3 – 1.5, 4 – 4; 
á — Pe ν = 1, χ = 0.67, 1 – Fo = 0.025, 2 – 0.2, 3 – 0.5, 4 – 0.9
Êàê è â ïðåäûäóùåì ñëó÷àå, òåìï èçìåíåíèÿ òåìïåðàòóðû ñóùåñòâåííî 
çàâèñèò îò äåáèòà æèäêîñòè — ÷èñëà Pe. Èçìåíåíèå ñîñòàâà ïîñòóïàþùåé 
æèäêîñòè çàìåòíî âëèÿåò íà ðàñïðåäåëåíèå òåìïåðàòóðû.
×èñëåííîå îáðàùåíèå èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà — Êàðñîíà 
õîðîøî ñîãëàñóåòñÿ ñ êðèâûìè, ïîëó÷åííûìè â ðàáîòå [6]. Ýòî ïîäòâåðæäàåò 
äîñòîâåðíîñòü òåîðèè, ðàçðàáîòàííîé ðàíåå, è ïîçâîëÿåò îöåíèòü îáëàñòü ïðè-
ìåíåíèÿ àñèìïòîòèêè ìàëûõ âðåìåí. Â îòëè÷èå îò àíàëèòè÷åñêèõ âûðàæåíèé, 
êîòîðûå óäàëîñü ïîñòðîèòü ëèøü äëÿ ïðåäåëüíûõ ñëó÷àåâ âðåìåíè, ÷èñëåííîå 
îáðàùåíèå ëèøåíî ýòîãî íåäîñòàòêà. Îäíàêî ÷èñëåííûå îáðàùåíèÿ òðåáóþò 
ïîäáîðà áîëüøîãî ÷èñëà ïàðàìåòðîâ, êîòîðûå ìîãóò èçìåíÿòüñÿ â çàâèñèìîñòè 
îò îáëàñòè èññëåäîâàíèÿ. Ñîïîñòàâëåíèå ÷èñëåííîé èíâåðñèè ñ àñèìïòîòèêîé 
ìàëûõ âðåìåí ïîçâîëÿåò îñóùåñòâèòü êîððåêöèþ è ãðàìîòíûé ïîäáîð ôèêñè-
ðóåìûõ ïàðàìåòðîâ. Òàêèì îáðàçîì, ÷èñëåííîå îáðàùåíèå ïðåäñòàâëÿåò îñîáóþ 
öåííîñòü íå êàê ñàìîñòîÿòåëüíûé àïïàðàò ïðè ïîñòðîåíèè ãðàôèêîâ, à â ñîâî-
êóïíîñòè ñ àíàëèòè÷åñêèìè âûðàæåíèÿìè ïðåäåëüíûõ ñëó÷àåâ, è íå ìîæåò 
ïîëíîñòüþ çàìåíèòü àíàëèòè÷åñêèå âûðàæåíèÿ.
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